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Complete control of electromagnetic fields requires particles that exhibit bianisotropic constituent
parameters (i.e. permittivity, permeability, and chirality). Here, methods to analyze and synthesize
two-dimensional, bianisotropic metamaterials (metasurfaces) are presented. First, closed-form ex-
pressions are derived relating the reflection and transmission coefficients of a general bianisotropic
metasurface to its constituent surface parameters. Next, a systematic method to design bianisotropic
metasurfaces is presented. It is analytically shown that cascading anisotropic, patterned metallic
sheets (electric sheet admittances) can provide electric, magnetic, and chiral responses. To demon-
strate the utility of the design procedure, four devices exhibiting exotic polarization transformations
are presented: a polarization rotator, an asymmetric circular polarizer, an asymmetric linear polar-
izer, and a symmetric circular polarizer. The optimal performance at centimeter, millimeter, and
micrometer wavelengths highlights the versatility of the design process.
Metasurfaces that exhibit a purely electric response
have shown extraordinary capabilities in controlling an
electromagnetic wavefront [1–3]. Some of the most ex-
citing examples have been subwavelength focusing and
revising Snell’s laws of refraction [4, 5]. Recently, it was
shown that adding a magnetic response to metasurfaces
can remove reflection losses, and dramatically increase
their efficiency [6]. Here, anisotropy and chirality are
also systematically incorporated into metasurface design
to allow for complete control of an electromagnetic wave-
front’s polarization. To date, many structures have been
reported that exhibit novel polarization effects such as
asymmetric transmission [7–9], and giant optical activity
[10, 11]. However, the performance of most devices has
been suboptimal since a systematic design methodology
for realizing these low symmetry structures has not been
established. Designs typically employ a resonant geome-
try that exhibits the necessary mirror and rotational sym-
metry for a desired bianisotropic response, but there is
no guarantee that the performance is optimal [12]. Addi-
tionally, the principle of operation is often device specific,
and its generalization to other designs is not straightfor-
ward. The physical models for bianisotropic metasur-
faces reported to date are complex and valid only when
the metasurface consists of infinitesimally small dipoles
[10, 13].
Here, a simplified method to analyze arbitrary bian-
isotropic metasurfaces is presented. Closed-form expres-
sions are derived that relate the reflection and trans-
mission coefficients (scattering parameters) to the con-
stituent surface parameters. In addition, a method to
systematically design bianisotropic structures is intro-
duced. It is shown that cascading anisotropic, patterned
metallic sheets can provide significant control over the
constituent surface parameters. A transfer matrix ap-
proach is used to analytically solve for the scattering pa-
rameters (S-parameters) of the structure, enabling de-
vices with optimal performance. The ability to realize a
wide range of constituent surface parameters is demon-
strated with four different devices: a polarization rota-
tor, an asymmetric circular polarizer, an asymmetric lin-
ear polarizer, and a symmetric circular polarizer. For
brevity, the asymmetric linear polarizer and symmetric
circular polarizer are presented in the supplementary in-
formation.
To begin, consider two regions of space (Regions 1 and
2) with wave impedances given by η1 =
√
µ1/1 and
η2 =
√
µ2/2, respectively. The two regions of space are
separated by an arbitrary metasurface along the z = 0
plane, as shown in Fig. 1(a). The metasurface is illumi-
nated by plane waves, which are assumed to be normally
incident. The scattering parameters (S-parameters) are
equal to the ratio of the scattered electric field to the
incident electric field. In general, Snm =
(
Sxxnm S
xy
nm
Syxnm S
yy
nm
)
is a 2x2 matrix relating the field scattered into Region n
when a plane wave is normally incident from Region m.
For example, Syx21 represents the y-polarized field trans-
mitted into Region 2 when an x-polarized plane wave is
incident from Region 1. The parameters S11 and S22 are
the reflection coefficients when viewed from Regions 1
and 2 respectively, and S21 and S12 are the transmission
coefficients when viewed from Regions 1 and 2, respec-
tively. The transmission coefficient is often referred to as
the Jones matrix [12].
An arbitrary metasurface can be modeled as a two-
dimensional array of polarizable particles [14]. Each par-
ticle is characterized by its quasi-static electric and mag-
netic polarizabilities (αe,m), defined as the ratio of the
dipole moment to the local field. When these particles
are closely spaced across a two-dimensional surface, a
surface polarizability (αse,m) that accounts for coupling
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2between particles can be defined [14]. It is interpreted as
the effective polarizability density per unit area,(
ps
ms
)
=
(
αsee α
s
em
αsme α
s
mm
)(
E
H
)
(1)
Here, ps = [psx p
s
y]
T and ms = [msx m
s
y]
T represent
the electric and magnetic dipole moments, while E =
[Ex Ey]
T and H = [Hx Hy]
T represent the average
field tangential to the surface.
A time-harmonic progression of ejωt is assumed, where
ω is the radial frequency and t is time. We then define an
electric sheet admittance (Y = jωαsee), magnetic sheet
impedance (Z = jωαsmm), and dimensionless chirality
tensors (χ = jωαsem,Υ = jωα
s
me) in terms of the surface
polarizabilities. Multiplying both sides of (1) by jω and
noting that a time varying dipole moment can be equated
to a surface current, the electric and magnetic surface
current established on the metasurface is related to the
average, tangential electric and magnetic fields,(
Js
Ms
)
=
(
Y χ
Υ Z
)(
E
H
)
= Λ
(
E
H
)
(2)
The variables Y, χ, Υ, and Z are all 2x2 tensors that
relate the x and y field components to the x and y cur-
rent components: Y =
(
Yxx Yxy
Yyx Yyy
)
, χ =
(
χxx χxy
χyx χyy
)
,
Υ =
(
Υxx Υxy
Υyx Υyy
)
, Z =
(
Zxx Zxy
Zyx Zyy
)
. Intuitively, Y
and Z are the two dimensional equivalent of electric and
magnetic material susceptibilities, respectively [15]. Sim-
ilarly, χ and Υ are the two dimensional equivalent of the
chirality parameters. It should be noted that if recipro-
cal materials are used, Y = YT , Υ = −χT , and Z = ZT
[16]. In addition, if lossless materials are used, Y and Z
are purely imaginary, whereas Υ and χ are purely real
[16]. For now, the analysis is kept as general as possible,
and no assumption is made on reciprocity or loss.
Once a physical model is derived, the S-parameters can
be found by enforcing the boundary condition of (2) (see
supplementary information),(
S11 S12
S21 S22
)
=
( Y
2 − χn2η1 + Iη1 Y2 +
χn
2η2
+ Iη2
− Zn2η1 + Υ2 − n Zn2η2 + Υ2 + n
)−1
·
(−Y2 − χn2η1 + Iη1 −Y2 + χn2η2 + Iη2
− Zn2η1 − Υ2 + n Zn2η2 − Υ2 − n
)
(3)
where I =
(
1 0
0 1
)
is the identity matrix and n =(
0 −1
1 0
)
is the 90◦ rotation matrix.
Alternatively, the constituent surface parameters (Λ)
can be written in terms of the S-parameters (see supple-
mentary information). This allows for the synthesis of
E2, H2, Λ
y
x
z
E1, H1, 
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FIG. 1. (a) Bianisotropic metasurfaces exhibiting electric,
magnetic, and chiral responses can achieve complete control of
the polarization of an electromagnetic wavefront. This artis-
tic rendering shows the example of an asymmetric circular po-
larizer converting right-handed-circularly polarized light from
Region 1 to left-handed-circularly-polarized light in Region 2.
However, right-handed-circularly polarized light is completely
reflected when incident from Region 2. (b) Anisotropic sheet
admittances cascaded in the direction of propagation can real-
ize a wide range of constituent surface parameters. Provided
the overall thickness of the cascaded sheets is subwavelength,
they can be modeled as a single bianisotropic metasurface.
metasurfaces from the desired S-parameters,(
Y χ
Υ Z
)
= 2
(
I
η1
− S11η1 − S21η2 Iη2 − S12η1 − S22η2
n + nS11 − nS21 −n + nS12 − nS22
)
·
(
I + S11 + S21 I + S12 + S22
n
η1
− nS11η1 + nS21η2 − nη2 − nS12η1 + nS22η2
)−1
(4)
Similar to homogenization procedures for bulk metama-
terials [17], (3) and (4) provide a powerful framework to
design and analyze metasurfaces that realize arbitrary
polarization, phase, and amplitude transformations.
Next, a geometry is proposed that can achieve a wide
range of constituent surface parameters. The geometry
consists of cascaded metallic sheets (electric sheet admit-
tances) as shown in Fig. 1(b). This cascaded structure
can be modeled as a single bianisotropic metasurface pro-
vided that its overall thickness is subwavelength. This ge-
ometry is attractive because it allows for straightforward
design and fabrication from microwave to optical wave-
lengths [18, 19]. Inspiration for this geometry is derived
3from recent work showing that the diagonal elements of
the electric and magnetic surface susceptibility tensors
can be completely controlled with cascaded sheets [20].
In addition, if the sheets are anisotropic, polarization
controlling devices can be achieved, such as quarter-wave
plates, half-wave plates, and circular polarizers [21–23].
However, in all these previous examples simplifying as-
sumptions were made, which introduced limitations. If
these assumptions are removed, far greater control over
the achievable constituent surface parameters is possible.
Next, a transfer matrix (ABCD matrix) approach is
employed to develop a relation between the cascaded
sheet admittances and the S-parameters [23]. This ap-
proach relates the total field in Regions 1 and 2 by the
ABCD matrix,(
E1
H1
)
=
(
A B
C D
)(
E2
H2
)
(5)
where A, B, C, D are each 2x2 matrices relating the
x and y field components. For example, three cascaded
sheet admittances have the transfer matrix,
(
A B
C D
)
=
[(
I 0
nYs1 I
)(
cos(βd)I −jsin(βd)ηdn
jsin(βd)η−1d n cos(βd)I
)
·
(
I 0
nYs2 I
)(
cos(βd)I −jsin(βd)ηdn
jsin(βd)η−1d n cos(βd)I
)(
I 0
nYs3 I
)]
(6)
Here, ηd is the substrate impedance, βd is the interlayer
electrical spacing, and Ysn is the admittance of the n
th
sheet (see Fig. 1(b)).
The reflection and transmission coefficients of the
structure can then be related to the ABCD matrix of
the cascaded sheet admittances (see supplementary in-
formation),(
S11 S12
S21 S22
)
=
(
−I Bnη2 + A
n
η1
Dn
η2
+ C
)−1(
I Bnη2 −A
n
η1
Dn
η2
−C
)
(7)
Now that a relation between cascaded sheet admittances
and the S-parameters is established, the sheets can be
systematically designed. First, the necessary sheet ad-
mittances that realize a desired S-parameter distribution
for a given substrate impedance (ηd) and interlayer elec-
trical spacing (βd) are numerically found (see supporting
information). Once the required sheet admittances are
known, their physical realization is straightforward. Typ-
ically, each sheet is independently designed by patterning
metal on a dielectric substrate. Frequency-selective sur-
face theory has provided extensive literature on realizing
arbitrary electric sheet admittances [24]. At optical fre-
quencies, dielectric patterning also becomes an attractive
option [20, 25].
To demonstrate the versatility of this design process,
four devices exhibiting novel polarization transforma-
tions are presented: a polarization rotator, an asym-
metric circular polarizer, an asymmetric linear polarizer,
and a symmetric circular polarizer. Each structure re-
quires significantly different constituent surface param-
eters. For brevity, the asymmetric linear polarizer and
symmetric circular polarizer are detailed in the supple-
mentary information. For additional details on the de-
sign process, simulations, analysis, characterization, and
comparisons to prior art please see the supplementary
information.
Polarization rotation (chirality) is commonly used in
analytical chemistry, biology, and crystallography for
identifying the spatial structure of molecules [26]. In ad-
dition, it provides an alternative route to achieve negative
refraction [27]. A polarization rotator with a reflection
coefficient equal to zero and transmission coefficient equal
to,
S21 = e
jφ
(
0 −1
1 0
)
(8)
is considered [10, 11]. In other words, any incident plane
wave traveling in the +z direction that is linearly polar-
ized will experience a clockwise polarization rotation of
90◦ upon transmission, when viewed from Region 1. By
inserting (8) into (4), the ideal constituent parameters of
this device can be derived,
Λ =

−2j tan(φ)
η◦ 0 −2 sec(φ) 0
0 −2j tan(φ)
η◦ 0 −2 sec(φ)
2 sec(φ) 0 −2jη◦ tan(φ) 0
0 2 sec(φ) 0 −2jη◦ tan(φ)

(9)
The metasurface is isotropic and chiral.
When realizing polarization transformations, the ab-
solute phase delay (φ) generated by the metasurface is
typically not important for most applications. Therefore,
the phase delay can be viewed as a free parameter that
can be adjusted to increase the bandwidth and reduce
the loss of the metasurface.
Next, the bianisotropic metasurface is realized by cas-
cading four patterned metallic sheets on a low loss sub-
strate (see supplementary information). A section of the
designed polarization rotator is shown in Fig. 2(a), and
the bottom sheet of the fabricated structure is shown in
Fig. 2(b). The simulated and measured performance
is shown in Fig. 2(c). There is a 2% frequency shift
between measurement and simulation due to fabrication
tolerances. To highlight the similarities between mea-
surement and simulation, Fig. 2(c) adds a 0.2 GHz fre-
quency shift to the measured data. It is also important
to note that (9) dictates that a polarization rotator must
be isotropic. The isotropic response of the fabricated
structure can be verified by rotating the incident linear
polarization by an angle θ about the z-axis. As shown
in Fig. 2(d), the measured cross-polarized transmission
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FIG. 2. Metasurface exhibiting polarization rotation near 10
GHz. (a) Schematic of the unit cell. For clarity, the z-axis is
scaled by a factor of 3 so that all four sheets are visible. (b)
Bottom sheet (Ys4) of the fabricated polarization rotator. (c)
Transmission coefficient for an incident plane wave traveling
in the +z direction. Measured data is denoted by solid lines,
whereas simulated is denoted by dashed lines. For clarity,
the measured data is frequency shifted by +0.20 GHz in the
plot. (d) Measured cross-polarized transmission coefficient as
a function of frequency and incident linear polarization. The
angle θ refers to the angle between the x and y axes of the
incident linear polarization. It can be seen that the cross-
polarized transmission coefficient is near 0 dB, independent
of θ.
coefficient is high and independent of the incident linear
polarization at the operating frequency of 9.8 GHz. This
is in contrast to the more common half-wave plate, which
only achieves a high cross-polarization when the incident
field is polarized at 45◦ relative to its crystal axis. The
fractional bandwidth of this structure was measured to
be 8.7%. The bandwidth is defined here to be the fre-
quency range over which the cross-polarized transmission
coefficient is greater than -3 dB and a co-polarized trans-
mission coefficient is less than -10 dB, independent of the
incident linear polarization.
Another interesting example of polarization control by
a metasurface is asymmetric transmission for circularly
polarized light [7, 8]. This metasurface converts right-
handed-circular to left-handed-circular when traveling in
the +z direction. It has the following transmission coef-
ficient,
S21 =
ejφ
2
(
1 j
j −1
)
(10)
However, when propagating in the −z direction, the
same metasurface converts left-handed-circular to right-
handed-circular. Therefore it exhibits asymmetric trans-
mission for circular polarization. It should be noted that
this does not violate reciprocity since S21 = S
T
12, and
hence the performance of the structure can be analyzed
by only considering plane waves incident from Region 1.
The constituent surface parameters are given by,
Λ =

−2j tan(φ/2)
η◦ 0 0 0
0 2j cot(φ/2)
η◦ 0 0
0 0 −2jη◦ tan(φ) 2jη◦ sec(φ)
0 0 2jη◦ sec(φ) −2jη◦ tan(φ)

(11)
As was previously noted, asymmetric transmission
does not require three-dimensional chirality (χ = Υ = 0)
[7, 12]. However, the principle axes of the electric and
magnetic responses should be rotated with respect to
each other since Yxy = 0 and Zxy 6= 0. For an oper-
ating frequency of 77 GHz, the designed unit cell (see
supplementary information) is shown in Fig. 3(a), and
the top sheet of the fabricated structure is shown in Fig.
3(b). The simulated and measured transmission coef-
ficients are shown in Fig. 3(c). The surface exhibits
near perfect conversion of right-handed-circular into left
handed circular when propagating in the +z direction.
In addition the measured asymmetric response is broad-
band: S++21 , S
+−
21 , and S
−−
21 are below -10 dB and S
−+
21
is above -0.8 dB over a bandwidth of 20%. The super-
script ‘+’ denotes right-handed-circular polarization and
‘-’ denotes left-handed-circular polarization.
It should be emphasized that both of these structures
have fundamentally different operating principles than
devices that achieve polarization control through cascad-
ing Jones matrices. The structures presented here rely on
the interference of multiple reflections between the sheets
to achieve novel polarization effects, while also maintain-
ing a subwavelength profile. In contrast, simply cascad-
ing the Jones matrices of wave-plates and linear polariz-
ers does not take advantage of the interference between
sheets, and therefore are significantly bulkier [28].
In future work, inhomogeneous metasurfaces can be
designed that enable both wavefront and polarization
control [22]. If lossy materials are used, this work can
find applications in perfect absorbers and stealth tech-
nologies [29]. Further, three-dimensional metamaterials
can also benefit from this work [27]. By cascading the
unit cell in the propagation direction (z-direction), a bulk
bianisotropic response is attainable [30].
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FIG. 3. Metasurface exhibiting asymmetric circular trans-
mission at millimeter-wave frequencies. (a) Schematic of the
unit cell. (b) Top sheet (Ys1) of the fabricated asymmet-
ric circular polarizer. (c) Transmission coefficient for an in-
cident plane wave traveling in the +z direction, where the
superscript ‘+’ denotes right-handed-circular and ‘-’ denotes
left-handed-circular. Measured data is denoted by solid lines,
whereas simulated is denoted by dashed lines.
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Supplemental Materials
FABRICATION AND MEASUREMENT
PROCEDURES
Metasurfaces that provide polarization rotation and
asymmetric circular transmission were experimentally
demonstrated in the main text. Both metasurfaces were
fabricated with commercial printed-circuit-board tech-
niques (photolithography, chemical etching, and sub-
strate bonding). The substrates used for the polarization
rotator and asymmetric circular polarizer were Rogers
4003 (r = 3.55, tan δ = 0.0027) and Rogers 5880 Duroid
(r = 2.2, tan δ = 0.0009), respectively. The patterned
substrates of the polarization rotator were bonded to-
gether with 100 µm thickness, Rogers 4450B Bondply
(r = 3.54, tan δ = 0.004). The asymmetric circular po-
larizer was bonded together with 38 µm thickness, Rogers
3001 Bondply (r = 2.28, tan δ = 0.003). The copper
cladding was 18 µm thick for the polarization rotator
and 9 µm thick for the asymmetric circular polarizer.
The polarization rotator was shaped as a 12-sided regu-
lar polygon (dodecagon) with a maximum dimension of
19.5 cm. The asymmetric circular polarizer was square,
with length and width equal to 8.5 cm.
The polarization rotator was experimentally measured
using the X-band near-field scanning system described
in [1], and shown in Fig. S1. To approximate the plane
wave excitation, a quasi-optical Gaussian beam telescope
was used. The telescope consisted of a rectangular horn
antenna (Dorado GH-90-25) with a gain of 25 dBi, and
a pair of lenses separated by the sum of their focal dis-
tances. The horn antenna produced a quasi-Gaussian
beam with 88% of its power coupled to the fundamental
Gaussian mode. The pair of lenses focused the Gaussian
beam to a beam waist with size and location independent
of frequency [2]. The two lenses were identical, each made
of Rexolite (n = 1.59) and bi-hyperbolic in shape. The
diameter of the lenses was 32.5 cm with input and out-
put focal distances of 45 cm. The focused Gaussian beam
was measured to have a 114 mm beam waist diameter,
1.8 m from the phase center of the horn antenna. The
rectangular horn antenna generating the Gaussian beam
was connected to the transmitting port of a vector net-
work analyzer (Agilent E8361A). An open-ended, WR-
90 waveguide probe was connected to the receive port
(see Fig. S1). The ratio of the received voltage to the
transmitted voltage provided the magnitude and phase
of the field at the waveguide probe’s position. Using a
two-dimensional translation stage, the field was sampled
over a 200 mm x 200 mm area (6.7λ◦ x 6.7λ◦), 100 mm
(3.33λ) behind the metasurface. The field was sampled
every 20 mm x 20 mm (0.67λ◦ x 0.67λ◦), which is a
higher sampling rate than necessary since the beam is
approximately paraxial.
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FIG. S1. Experimental setup of the X-band near-field scan-
ning system used to characterize the performance of the po-
larization rotator
The asymmetric circular polarizer was measured us-
ing the mm-wave near-field scanning system described in
[3], and shown in Fig. S2. This system operates from
67 GHz to 100 GHz. A Gaussian-Optics-Antenna (Mil-
litech GOA-10-R00004F) was connected to the transmit-
ting port of a vector network analyzer (Agilent E8361A).
The antenna illuminated the transmitarray at normal in-
cidence with a focused Gaussian beam whose measured
beam waist was 40 mm in diameter [2]. An open-ended
WR-10 waveguide probe was connected to the receive
port of the network analyzer to measure the transmit-
ted electric field. A scattering cone minimized backscat-
ter from the metallic structure supporting the waveguide
probe [4]. Using a two-dimensional translation stage with
5 µm accuracy, the field was sampled over an 82 mm x
82 mm area (21λ◦ x 21λ◦), 17 mm (4.4λ◦) behind the
metasurface. The field was sampled every 4.1 mm x 4.1
mm (1.05λ◦ x 1.05λ◦), which is a higher sampling rate
than necessary since the beam is paraxial.
Assymetric
Circular
Polarizer
Gaussian Optics
Antenna WR-10
Probe
Scattering
Cone
FIG. S2. Experimental setup of the mm-wave near-field scan-
ning system used to characterize the performance of the asym-
metric circular polarizer.
To ensure that the measurements were accurate, a
number of precautions were taken. The diameters of the
metasurfaces were at least 1.7 times the measured beam
waist diameter of the incident Gaussian beam. This lim-
ited diffraction effects [2]. The field at the edge of the
sampled area was approximately 25 dB below the peak
value for the X-band system, and 30 dB below the peak
value for the mm-wave system. This ensured that the ma-
jority of the power was sampled. To reduce the effects
of multiple reflections between the metasurface, lenses,
and antennas, time domain gating techniques were em-
ployed. The far-field was used to characterize both meta-
surfaces by appropriately Fourier transforming the mea-
sured near-field. To properly extract the far-field using
a waveguide probe, the probe’s radiation pattern was
determined using full-wave electromagnetic simulations,
and probe correction was applied [5]. The system was
calibrated by first measuring the far-field of the incident
Gaussian beam, without the metasurface present. The
metasurface was then placed at the beam waist of the
Gaussian beam, and again the far-field was measured.
The far-field of the metasurface was then normalized by
the peak amplitude of the incident beam’s far-field. The
amplitude of the transmission coefficient of the metasur-
face was determined by taking the square root of the ratio
of the transmitted to incident far-field power. The phase
was determined by noting the phase of the transmitted
electric field in the direction of the main beam.
For both structures, the transmitting antennas illumi-
nated the metasurface with a vertical polarization. The
transmitted vertical polarizations were first measured us-
ing standard open-ended waveguide probes. The horizon-
tal polarization of the X-band near-field scanning system
was then measured by rotating the waveguide probe by
90◦ and scanning the field again. The horizontal polar-
ization of the mm-wave near-field scanning system was
measured with a waveguide probe that has a 90◦ twist.
To measure the transmission coefficient for a horizon-
tally polarized plane wave, the metasurface was rotated
by 90◦, and again the vertical and horizontal polariza-
tions were measured. This procedure provided the en-
tire transmission coefficient matrix, S21 =
(
Sxx21 S
xy
21
Syx21 S
yy
21
)
.
Once the transmission coefficient was determined in the
linear polarization basis vectors, it could be rewritten in
terms of any desired polarization basis, such as circular
[6].
RELATING S-PARAMETERS TO
CONSTITUENT SURFACE PARAMETERS
In the main text, we defined the constituent surface
parameters that model an arbitrary bianisotropic meta-
surface. Here, relations between the S-parameters and
the constituent parameters are derived using this well-
defined boundary condition. In contrast, previously re-
ported analyses modeled bianisotropic metasurfaces as
coupled electric and magnetic dipoles [7]. If the interac-
tion from neighboring particles is also considered, the po-
larizabilities needed to achieve an arbitrary polarization
transformation can be solved for, as in [8]. However, this
model is rather complex, and valid only when the meta-
surface consists of infinitesimally small dipoles [8]. This
8is a significant limitation since the bandwidth of periodic
structures is typically enhanced by evanescent coupling
between neighboring unit cells [9]. In addition, the design
process to realize a physical structure is not straightfor-
ward. Alternatively, it is possible to model a metasurface
as a thin bianisotropic slab [10]. However, the scattering
parameters cannot be solved in closed form, and the in-
terpretation is not strictly appropriate since the thickness
of a metasurface is ambiguous [11].
To begin, the boundary condition given by (2) of the
main text is explicitly written in terms of the tangential
field in Regions 1 and 2,
Y
(
E1 + E2
2
)
+ χ
(
H1 + H2
2
)
= nˆ× (H2 −H1)
= n(H2 −H1) (s1)
Υ
(
E1 + E2
2
)
+ Z
(
H1 + H2
2
)
= −nˆ× (E2 −E1)
= −n(E2 −E1) (s2)
Consider an x-polarized plane wave, normally incident
on the bianisotropic metasurface from Region 1. The
field in Region 1 is expressed as E+1 = Ix + S
x
11 and
H+1 = η
−1
1 n(Ix − Sx11). The field in Region 2 is written
as E+2 = S
x
21 and H
+
2 = η
−1
2 nS
x
21. Here, the + sign indi-
cates the excitation is incident from Region 1 (traveling
in the +z direction), Ix = (1 0)
T , Sx11 = (S
xx
11 S
yx
11 )
T ,
Sx21 = (S
xx
21 S
yx
21 )
T , and n =
(
0 −1
1 0
)
. Substituting
these expressions for E+ and H+ into (s1) and (s2), the
S-parameters are related to the constituent surface pa-
rameters,
Y
2
(Ix + S
x
11 + S
x
21) +
χn
2
(
Ix
η1
− S
x
11
η1
+
Sx21
η2
)
= −
(−Ix
η1
+
Sx11
η1
+
Sx21
η2
)
(s3)
Υ
2
(Ix + S
x
11 + S
x
21) +
Zn
2
(
Ix
η1
− S
x
11
η1
+
Sx21
η2
)
= −n(−Ix − Sx11 + Sx21) (s4)
This linear system of equations is solved in closed form,(
Sx11
Sx21
)
=
( Y
2 − χn2η1 + Iη1 Y2 +
χn
2η2
+ Iη2
− Zn2η1 + Υ2 − n Zn2η2 + Υ2 + n
)−1
·
 −YIx2 − χnIx2η1 + Ixη1
−ZnIx2η1 − ΥIx2 + nIx
 (s5)
where I =
(
1 0
0 1
)
is the identity matrix. Similarly, Sy11
and Sy21 are solved by replacing Ix = (1 0)
T with Iy =
(0 1)T .
The variables, S12 and S22 are also solved using the
boundary condition from (s1) and (s2). A normally in-
cident x-polarized plane wave excitation is stipulated in
Region 2. The field in Region 2 is then expressed as
E−2 = Ix+S
x
22, and H
−
2 = η
−1
2 n(−Ix+Sx22). The field in
Region 1 is written as E−1 = S
x
12 and H
−
1 = −η−11 nSx12.
Analogous to before, the − sign indicates the excita-
tion is incident from Region 2, Sx12 = (S
xx
12 S
yx
12 )
T , and
Sx22 = (S
xx
22 S
yx
22 )
T . The expressions for E− and H− are
then substituted into (s1) and (s2),
Y
2
(Ix + S
x
12 + S
x
22) +
χn
2
(
−Ix
η2
− S
x
12
η1
+
Sx22
η2
)
= −
(−Ix
η2
+
Sx12
η1
+
Sx22
η2
)
(s6)
Υ
2
(Ix + S
x
12 + S
x
22) +
Zn
2
(
−Ix
η2
− S
x
12
η1
+
Sx22
η2
)
= −n(Ix − Sx12 + Sx22) (s7)
Again, there are two equations and two unknowns that
can be solved,
(
Sx12
Sx22
)
=
( Y
2 − χn2η1 + Iη1 Y2 +
χn
2η2
+ Iη2
− Zn2η1 + Υ2 − n Zn2η2 + Υ2 + n
)−1
·
−YIx2 + χnIx2η2 + Ixη2
ZnIx
2η2
− ΥIx2 − nIx
 (s8)
The expressions Sy12 and S
y
22 are solved by replacing
Ix with Iy. Therefore, all the S-parameters are written
concisely as,
(
S11 S12
S21 S22
)
=
( Y
2 − χn2η1 + Iη1 Y2 +
χn
2η2
+ Iη2
− Zn2η1 + Υ2 − n Zn2η2 + Υ2 + n
)−1
·
(−Y2 − χn2η1 + Iη1 −Y2 + χn2η2 + Iη2
− Zn2η1 − Υ2 + n Zn2η2 − Υ2 − n
)
(s9)
which is identical to (3) of the main text.
Alternatively, the constituent surface parameters can
be written in terms of the S-parameters. In total there
are four illuminations (x-polarized and y-polarized from
the front and back of the metasurface). These illumina-
tions are inserted into (s1) and (s2),
(
Y χ
Υ Z
) E+1 +E+22 E−1 +E−22
H+1 +H
+
2
2
H−1 +H
−
2
2

=
(
n(H+2 −H+1 ) n(H−2 −H−1 )
−n(E+2 −E+1 ) −n(E−2 −E−1 )
)
(s10)
Substituting the expressions for E+,−1,2 and H
+,−
1,2 , and
bringing the average field values to the right hand side
of the equation, the constituent surface parameters are
9solved,(
Y χ
Υ Z
)
= 2
(
I
η1
− S11η1 − S21η2 Iη2 − S12η1 − S22η2
n + nS11 − nS21 −n + nS12 − nS22
)
·
(
I + S11 + S21 I + S12 + S22
n
η1
− nS11η1 + nS21η2 − nη2 − nS12η1 + nS22η2
)−1
(s11)
which is identical to (4) of the main text.
RELATING S-PARAMETERS TO CASCADED
SHEET ADMITTANCES
Following an approach similar to that in [12], the re-
flection and transmission properties of the cascaded sheet
admittances are solved. The transfer matrix approach
is taken (ABCD matrix), which reduces the analysis
to matrix multiplication once the transfer matrix of the
sheet admittances and dielectric substrate are derived.
To begin, the transfer matrix (ABCD matrix) of an
arbitrary structure is defined by relating the total field
in Regions 1 and 2,(
E1
H1
)
=
(
A B
C D
)(
E2
H2
)
(s12)
As before, we define, E1,2 = [E
x
1,2 E
y
1,2]
T , H1,2 =
[Hx1,2 H
y
1,2]
T , A =
(
Axx Axy
Ayx Ayy
)
, B =
(
Bxx Bxy
Byx Byy
)
,
C =
(
Cxx Cxy
Cyx Cyy
)
, and D =
(
Dxx Dxy
Dyx Dyy
)
.
The ABCD matrix of an electric sheet admittance
Ys is then derived. First it is noted that the boundary
condition of an electric sheet admittance can be written
as,
nˆ× (H2 −H1) = n (H2 −H1) = YsE1 = YsE2 (s13)
Two separate conditions are then stipulated: Condition
A (E2 = I, and H2 = 0) and Condition B (E2 = 0,
H2 = I). Thus we have,(
EA1 E
B
1
HA1 H
B
1
)
=
(
A B
C D
)(
EA2 E
B
2
HA2 H
B
2
)
=
(
A B
C D
)
(s14)
Enforcing the boundary condition of an electric sheet ad-
mittance under the two separate conditions, the field in
Region 1 is solved, thus providing the ABCD matrix of
an electric sheet admittance,(
A B
C D
)
=
(
I 0
nYs I
)
(s15)
It should be noted that −nn = I.
The ABCD matrix of a dielectric substrate with wave
impedance ηd and thickness βd is then derived. First
consider Condition A (E2 = I, and H2 = 0). This is
equivalent to the case where a plane wave is incident
from Region 1 with an incident electric field of I/2. We
must also require Region 1 to have a wave impedance of
ηd, and Region 2 have an infinite wave impedance (per-
fect magnetic conductor). Thus the field in Region 1 is
written as,
EA1 = I
ejβd + e−jβd
2
= I cos(βd)
HA1 = n
ejβd − e−jβd
2ηd
= njη−1d sin(βd) (s16)
Similarly, Condition B (E2 = 0, H2 = I) is equivalent
to the case where a plane wave is incident from Region
1 with an incident magnetic field of I/2, Region 1 has a
wave impedance of ηd, and Region 2 is replaced with a
perfect electric conductor,
EB1 = −nηd
ejβd − e−jβd
2
= −njηd sin(βd)
HB1 = I
ejβd + e−jβd
2
= I cos(βd) (s17)
Thus the ABCD matrix of a dielectric substrate is writ-
ten as,(
A B
C D
)
=
(
cos(βd)I −jsin(βd)ηdn
jsin(βd)η−1d n cos(βd)I
)
(s18)
When three electric sheet admittances are separated
by dielectric spacers, the ABCD matrix of the entire
structure is written as,(
A B
C D
)
=
[(
I 0
nYs1 I
)(
cos(βd)I −jsin(βd)ηdn
jsin(βd)η−1d n cos(βd)I
)
·
(
I 0
nYs2 I
)(
cos(βd)I −jsin(βd)ηdn
jsin(βd)η−1d n cos(βd)I
)(
I 0
nYs3 I
)]
(s19)
which is identical to (6) of the main text.
Next, the ABCD matrix of an arbitrary structure is
related to its S-parameters. The total field in Regions 1
and 2 can be written as,(
I + S11 S12
n
η1
(I− S11) − nη1 S12
)
=
(
A B
C D
)
·
(
S21 I + S22
n
η2
S21
n
η2
(−I + S22)
)
(s20)
Then, the ABCD matrix of an arbitrary structure is
written in terms of the S-parameters by solving (s20),(
A B
C D
)
=
(
I + S11 S12
n
η1
(I− S11) − nη1 S12
)
·
(
S21 I + S22
n
η2
S21
n
η2
(−I + S22)
)−1
(s21)
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Alternatively, the S-parameters can be written in
terms of the ABCD matrix by solving (s20),(
S11 S12
S21 S22
)
=
(
−I Bnη2 + A
n
η1
Dn
η2
+ C
)−1(
I Bnη2 −A
n
η1
Dn
η2
−C
)
(s22)
which is identical to (7) of the main text.
FINDING THE SHEET ADMITTANCES
Analytically solving for the S-parameters of a given
structure is straightforward. For example, the S-
parameters of three cascaded sheet admittances can be
found by inserting (s19) into (s22). However, we are
looking to solve the inverse problem: the S-parameters
are stipulated and the necessary sheet admittances are
found. Since the necessary sheet admittances could not
be solved analytically, numerical solvers were employed.
The fmincon function provided by Matlab’s optimiza-
tion toolbox was used to perform a gradient descent
method. The specific cost function that was minimized
was |Sxx21−T xx|2+|Sxy21−T xy|2+|Syx21−T yx|2+|Syy21−T yy|2,
where S21 is the transmission coefficient of the cascaded
sheet admittances, and T is the desired transmission co-
efficient. Since this is a nonlinear problem, the gradi-
ent descent method may only return a local minimum
rather than the global minimum, depending on the ini-
tial starting point. Nevertheless, the optimizer typically
converged to the global minimum with less than 10 ran-
domly seeded initial starting points.
Once a desired sheet admittance is determined, it is
realized by patterning metal on a dielectric substrate.
The metallic pattern is designed through scattering sim-
ulations using the full-wave solver Ansys HFSS. Fig.
S3 demonstrates how each sheet is simulated. Floquet
ports excite normally incident plane waves, and are de-
embedded to the z = 0 plane. Infinite periodicity is as-
sumed by stipulating periodic boundary conditions along
the other four sides. As shown in Fig. S3, the sheet
admittance is in general located between two different
media with wave impedances given by η1 and η2. It is
important to note that, in addition to the metallic pat-
tern, the sheet admittance itself is also a function of the
media surrounding it.
An iterative approach is used to design the sheet ad-
mittance. First, the dimensions of a metallic pattern are
stipulated, and the structure is simulated. The sheet
admittance is extracted from simulation by noting the
simulated reflection coefficients,
Ys =
(
I− S11
η1
− I + S11
η2
)
(I + S11)
−1
=
(
I− S22
η2
− I + S22
η1
)
(I + S22)
−1
(s23)
 
 
y
x z
Port 1
Port 2
FIG. S3. Simulation used to design each sheet admittance.
Then considering the equivalent circuit of the sheet, the
dimensions are adjusted while also attempting to maxi-
mize bandwidth and minimize loss. Once the sheet ad-
mittances are realized, their cascaded response is calcu-
lated using the transfer matrix approach described ear-
lier. It should be noted that the transfer matrix approach
only accounts for propagating modes within the struc-
ture, and all evanescent modes are neglected. Thus, the
analysis only works when evanescent coupling between
the sheets is negligible. The validity of this approxima-
tion is improved by reducing the cell size and increasing
the interlayer spacing.
POLARIZATION ROTATOR
Chiral materials with a strong rotary power are com-
monly used in analytical chemistry, biology, and crystal-
lography for identifying the spatial structure of molecules
[13]. Chirality has also received significant attention be-
cause it provides an alternative route to achieve negative
refraction [14]. A particularly interesting structure that
exhibits a strong chiral response is the polarization ro-
tator, which rotates an incident linear polarization by
90◦ upon transmission. Previously, polarization rotation
was accomplished with an isotropic helical structure [8].
However, the three-dimensional geometry requires met-
allized via holes, which become prohibitively difficult to
fabricate at higher frequencies. In addition, the struc-
ture exhibited a large insertion loss (S21=-5 dB). Alter-
natively, bilayered metamaterials that utilize two sheet
admittances separated by an electrically thin thickness
can also act as polarization rotators [13, 15]. These
results demonstrated that complex helical patterns are
not required to achieve significant chirality. In [13], it
was shown that bilayered metamaterials have orders of
magnitude larger rotary powers than naturally occurring
gyrotropic crystals in the visible spectrum. The rotary
power was later increased by optimizing the patterns on
each sheet [15]. However, the design process was not
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straightforward, which led to a narrow bandwidth and
low transmission coefficient (-5 dB) at the 90◦ rotation
angle. Here, a systematic method for designing polariza-
tion rotators is presented, which leads to optimal perfor-
mance.
The polarization rotator presented in the main text has
four patterned metallic sheets. To analyze this structure,
(s19) must be modified to account for the fourth sheet,
(
A B
C D
)
=
[(
I 0
nYs1 I
)(
cos(βd1)I −jsin(βd1)ηdn
jsin(βd1)η
−1
d n cos(βd1)I
)
·
(
I 0
nYs2 I
)(
cos(βd2)I −jsin(βd2)ηdn
jsin(βd2)η
−1
d n cos(βd2)I
)(
I 0
nYs3 I
)
(
cos(βd1)I −jsin(βd1)ηdn
jsin(βd1)η
−1
d n cos(βd1)I
)(
I 0
nYs4 I
)]
(s24)
It should be noted that due to the adhesive layers used
in fabrication, we allowed the middle dielectric spacer
(d2) to be a different thickness than the outer dielectric
spacers (d1).
As mentioned in the main text (see Eqs. (8) and (9)),
a polarization rotator with a reflection coefficient equal
to zero and transmission coefficient equal to,
S21 = e
jφ
(
0 −1
1 0
)
(s25)
is considered. This device has constituent surface param-
eters given by,
Λ =

−2j tan(φ)
η◦ 0 −2 sec(φ) 0
0 −2j tan(φ)
η◦ 0 −2 sec(φ)
2 sec(φ) 0 −2jη◦ tan(φ) 0
0 2 sec(φ) 0 −2jη◦ tan(φ)

(s26)
The necessary cascaded sheet admittances that realize
a polarization rotator are numerically found by insert-
ing (s25) into (s22), and combining the result with (s24).
If the operating frequency equals 10 GHz, φ = −40◦,
η1 = η2 = η◦, ηd = η◦/1.88, βd1 = 2pi/10.48, and
βd2 = 2pi/9.54, the required sheet admittances are Ys1 =
j
η◦
(
0.92 −1.39
−1.39 2.14
)
, Ys2 =
j
η◦
(
5.21 −8.07
−8.07 5.21
)
, Ys3 =
j
η◦
(
7.88 −1.17
−1.17 2.50
)
, and Ys4 =
j
η◦
(
5.67 0
0 −2.63
)
. It
was found that the bandwidth is maximized by stipu-
lating the transmitted phase to be φ = −40◦.
To realize the sheet admittances, copper is patterned
on 1.52 mm thick, Rogers 4003 substrates (r = 3.55, tan
δ = 0.0027). The patterns that realize the desired sheet
admittances are shown in Fig. S4. Each sheet has a pe-
riodicity of 3.7 mm x 3.7 mm (λ◦/8.11 x λ◦/8.11). It can
be seen that the sheet admittance of the first sheet (Ys1)
has a small capacitance along 0.838xˆ+0.545yˆ and a larger
capacitance along 0.547xˆ − 0.837yˆ, which are its princi-
ple axes. The large capacitance along the 0.547xˆ−0.837yˆ
direction is realized with interdigitated capacitors. For
the second sheet (Ys2), the sheet admittance is induc-
tive along the (xˆ+ yˆ)/
√
2 direction and capacitive along
the (xˆ− yˆ)/√2 direction. For the third sheet (Ys3), the
sheet admittance is capacitive along both principle axes,
0.204xˆ + 0.979yˆ and 0.979xˆ − 0.205yˆ. The fourth sheet
is similar to the second in that it is inductive along one
principle axis (yˆ) and capacitive along the other (xˆ).
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y z
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FIG. S4. Dimensions of the polarization rotator. (a)-(d) Di-
mensions (mm) of the first, second, third, and fourth sheets,
respectively. (e) Perspective view of a section of the polar-
ization rotator.
Unlike the other metasurfaces presented here, the sheet
admittances comprising the polarization rotator are not
periodic with respect to a single coordinate system. Thus
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Fig. 2(a) of the main text and Fig. S4(e) are not unit
cells of the structure, but rather a section of the struc-
ture. Since the polarization rotator cannot be discretized
into a single unit cell, its performance cannot be verified
using a full wave electromagnetics simulator [16]. In-
stead, the simulated responses shown in Fig. 2(c) of the
main text and Fig. S5 are found by simulating each sheet
admittance individually, and calculating the overall cas-
caded response analytically. Specifically, each sheet ad-
mittance is extracted using (s23) and their values are in-
serted into (s24) to find the overall ABCD matrix of the
entire structure. The S-parameters are then evaluated
by inserting the ABCD matrix into (s22). In contrast,
all the other structures presented here (e.g. asymmetric
circular polarizer, asymmetric linear polarizer, symmet-
ric circular polarizer) can be discretized into unit cells,
and their performances are simulated using Ansys HFSS.
It is important to note that (s26) dictates that the po-
larization rotator be isotropic at the operating frequency
even though each sheet admittance is not. This can be
verified by rotating the incident linear polarization by
an angle θ about the z-axis and noting the co-polarized
and cross-polarized transmission coefficients. As shown
in Figs. S5 (a)-(e), the cross-polarized transmission is
near 0 dB and co-polarized transmission is near or below
-20 dB, for all angles θ around 10 GHz. A slight frequency
shift of 2% can be seen between the measured (Figs. S5
(a) and (c)) and simulated (Figs. S5 (b) and (d)) trans-
mission coefficients. The simulated metasurface is well
matched at the operating frequency, as shown in Fig.
S5(f).
The constituent surface parameters of the polarization
rotator can be determined from simulation by inserting
the S-parameters of the structure into (s11). They are
shown in Fig. S6. It can be seen that at the operating
frequency of 10 GHz, Yxyη◦ = Zxy/η◦ = 2, and χxy =
χyx = −2.8. In addition, all the off diagonal constituent
parameters are zero (e.g. Yxy = Zxy = χxy = χyx = 0).
This is consistent with (s26) when φ = −45◦. The terms
leading to loss (Re(Y), Re(Z), Im(χ)) are low and are
not plotted. All other terms that are not plotted can be
inferred by noting that the structure is reciprocal.
It should be noted that the polarization rotator is the
only structure presented here that utilizes four patterned
sheets. Initially, three sheets were used to realize a polar-
ization rotator. However, the simulated bandwidth was
narrow (0.6%) and the loss was high (S21=-1.7 dB). This
led to a structure that was extremely sensitive to fabri-
cation tolerances. Therefore, a four layer structure was
considered since this structure has additional degrees of
freedom that can be varied to increase bandwidth and
reduce loss.
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FIG. S5. Additional performance metrics of the polarization
rotator. (a) Measured cross-polarized transmission (Syx21 ) as
a function of frequency and input linear polarization. The an-
gle θ refers to the angle between the x and y axes of the input
linear polarization. (b) Simulated cross-polarized transmis-
sion (Syx21 ) as a function of frequency and input linear polar-
ization. (c) Measured co-polarized transmission (Sxx21 ) as a
function of frequency and input linear polarization. (d) Sim-
ulated co-polarized transmission (Sxx21 ) as a function of fre-
quency and input linear polarization. (e) Co-polarized and
cross-polarized transmission as a function of the input lin-
ear polarization at the measured (9.78 GHz) and simulated
(10.00 GHz) operating frequencies. (f) Simulated reflection
coefficient.
ASYMMETRIC CIRCULAR POLARIZER
Additional control over the constituent surface pa-
rameters is demonstrated with a metasurface that pro-
vides asymmetric transmission for circularly polarized
waves at millimeter-wave frequencies. This effect ex-
hibits some similarity to Faraday rotation, but requires
no magnetic field or nonreciprocal materials [17]. In addi-
tion, this metasurface acts as a circular polarizer since it
transmits circular polarization of one handedness and re-
flects the other. Demonstrating this effect at millimeter-
wave frequencies is particularly useful. Millimeter wave-
lengths are long enough to easily propagate through visi-
bly opaque media, while short enough to realize large op-
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FIG. S6. Constituent surface parameters of the simulated po-
larization rotator. The terms leading to loss (Re(Y), Re(Z),
Im(χ)) are low and are not plotted. All other terms that are
not plotted can be inferred by noting that the structure is
reciprocal.
erating bandwidths and millimeter resolution [18]. This
enables high resolution radar and imaging systems, as
well as high bandwidth communication. In particular,
77 GHz is relevant to automotive radar systems [19].
To date, the most common method to realize asym-
metric circular transmission is to utilize a purely electric
response by printing two-dimensional chiral patterns on
a single sheet [17]. However, the asymmetric response is
significant only when the eigenvectors of the sheet admit-
tance are complex, which requires high loss. Therefore,
the efficiency of these structures is fundamentally lim-
ited. The asymmetric response is often defined as the
difference between the transmittance of a given handed-
ness of circular polarization, propagating in the +z and
−z directions. It is typically low for single sheets ge-
ometries (not exceeding 0.25) [20]. Alternatively, it was
recently shown that a bi-layered metasurface realized by
cascading two-dimensional chiral patterns can achieve a
larger asymmetric response of 0.6 [20]. However, the de-
sign procedure and description of the physics are vague,
and the transmittance and asymmetric response are still
too low for most applications. In contrast, the metasur-
face presented here achieves a near-optimal asymmetric
response (0.99) at the design frequency, and a thorough
analysis and systematic design procedure are provided.
As mentioned in the main text (see Eqs. (10) and (11))
the asymmetric circular polarizer that is considered has
the following transmission coefficient,
S21 =
ejφ
2
(
1 j
j −1
)
(s27)
This device has constituent surface parameters given by,
Λ =

−2j tan(φ/2)
η◦ 0 0 0
0 2j cot(φ/2)
η◦ 0 0
0 0 −2jη◦ tan(φ) 2jη◦ sec(φ)
0 0 2jη◦ sec(φ) −2jη◦ tan(φ)

(s28)
The asymmetric circular polarizer is designed by set-
ting φ = 175◦, βd = 2pi/6.37, ηd = η◦/1.483, and
η1 = η2 = η◦. The necessary sheet admittances are
then numerically solved for, Ys1 =
j
η◦
(
1.01 −1.00
−1.00 1.01
)
,
Ys2 =
j
η◦
(
2.19 0
0 −200
)
, and Ys3 =
j
η◦
(
1.01 −1.00
−1.00 1.01
)
.
To realize the sheet admittances, copper is patterned
on 380 µm thick, Rogers 5880 Duroid substrates (r =
2.2, tan δ = 0.0009). The detailed patterns of the sheets
are shown in Fig. S7. The structure is reflection sym-
metric along the z = 0 plane (Ys1 = Ys3), which causes
all chiral terms to reduce to zero [6]. All three sheets are
capacitive along one principle axis and inductive along
the other. It should be noted that although the second
sheet looks very similar to a wire grid polarizer, there are
some differences. Wire grid polarizers are generally de-
signed to minimize the inductance along the y axis, while
also minimizing the capacitance along the x axis to pro-
vide high reflection and transmission, respectively. Here,
the cell size and patterned copper are chosen to realize
a specific capacitance (Y xxs2 = 2.19j/η◦) along the x axis
in order to achieve an optimal performance at the design
frequency.
It should be noted that the constituent surface parame-
ters of the ideal asymmetric circular polarizer (Eq. (s28))
are a function of the stipulated reflection coefficients in
addition to the transmission coefficient. Eq. (s28) as-
sumes the reflection coefficients are equal to,
S11 = S22 =
ejφ
2
(
1 −j
−j −1
)
(s29)
When left-handed-circular is incident in the +z direction,
all of the power is reflected to left-handed-circular [21].
Similarly, when right-handed-circular is incident in the
−z direction, all of the power is reflected to right-handed-
circular, as shown in Fig. S8. It should be emphasized
that, in general, the stipulated reflection coefficients are
not unique. In all the examples presented here, the re-
flection coefficients are assumed to be identical to those
of the fabricated structure.
The constituent parameters of the asymmetric circular
polarizer are shown in Fig. S9. It can be seen that all
chiral terms are zero since the structure is reflection sym-
metric about the z = 0 plane. At the design frequency of
77 GHz, the principle axes of the electric susceptibility
are aligned along the xˆ and yˆ axes since Yxy = 0, and the
principle axes of the magnetic susceptibility are aligned
along (xˆ + yˆ)/
√
2 and (xˆ − yˆ)/√2, since Zxx = Zyy and
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FIG. S7. Dimensions of the asymmetric circular polarizer.
(a) Perspective view with the overall thickness and coordinate
system shown. (b) Dimensions of the first and third sheets.
(c) Dimensions of the second sheet.
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FIG. S8. Reflection coefficient of the asymmetric circular po-
larizer.
Zxy 6= 0. In other words, the principle axes of the elec-
tric and magnetic response are rotated by 45◦ from each
other to achieve an optimal performance. It should be
noted that, some degree of asymmetric transmission is
present whenever the principle axes of the electric and
magnetic susceptibilities are not aligned. This can be
shown using (s9).
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FIG. S9. Constituent surface parameters of the simulated
asymmetric circular polarizer. The terms leading to loss
(Re(Y), Re(Z), Im(χ)) are low and are not plotted. All other
terms that are not plotted can be inferred by noting that the
structure is reciprocal.
ASYMMETRIC LINEAR POLARIZER
Asymmetric transmission for linearly polarized waves
requires geometries that do not exhibit any mirror or ro-
tational symmetry [6]. These metasurfaces can be used
to increase the polarization diversity of microwave and
optical devices. Previously, devices exhibiting asymmet-
ric linear transmission were realized with two and three
layered chiral meta-atoms [22, 23] or asymmetric heli-
cal geometries [7]. Although a near-optimal performance
was achieved, the response was narrowband [23]. A more
straightforward design procedure based on Fabry-Perot
resonances was reported in [24]. This approach led to an
enhanced bandwidth, but at the expense of an increased
electrical thickness.
Here, an analytic approach is used to systematically
design arbitrarily thin metasurfaces. The asymmetric
linear polarizer considered here has the transmission co-
efficient given by,
S21 = e
jφ
(
0 0
1 0
)
(s30)
When an x-polarized plane wave is incident from Region
1, all the power is transmitted into the y-component of
Region 2. However, if an x-polarized plane wave is inci-
dent from Region 2, all the power is reflected. Hence, the
structure exhibits asymmetric transmission for linear po-
larization. Assuming the reflection coefficients are equal
to,
S11 = e
jφ
(
0 0
0 −1
)
, S22 = e
jφ
(−1 0
0 0
)
(s31)
this metasurface has the constituent surface parameters
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given by,
Λ =

4jη−1◦ cot(φ) −4jη−1◦ csc(φ) 0 −2
−4jη−1◦ csc(φ) 4jη−1◦ cot(φ) −2 0
0 2 0 0
2 0 0 0
 (s32)
It can be seen that both an anisotropic electric suscep-
tibility and an anisotropic chiral response are required.
Again, the necessary sheet admittances are solved by in-
serting (s30) and (s31) into (s22), and combining the re-
sult with (s19). Upon setting φ = 135◦, βd = 2pi/6.37,
ηd = η◦/1.483, and η1 = η2 = η◦, the necessary sheet ad-
mittances are given by Ys1 =
j
η◦
(
0.88 0
0 −77.0
)
, Ys2 =
j
η◦
(−0.70 4.15
4.15 −0.70
)
, and Ys3 =
j
η◦
(−77.0 0
0 0.88
)
. A
unit cell of this metasurface is shown in Fig. S10(a). The
simulated cross-polarized and co-polarized transmission
coefficients are shown in Fig. S10(b). Syy11 is greater than
-0.01 dB, and all other S-parameters are less than -30
dB over the entire frequency range, and are not shown.
Although the structure is designed for an operating fre-
quency of 77 GHz, the performance is quite broadband.
A 1 dB transmission bandwidth of 2.43:1 for the desired
polarization is achieved. The rejection of the unwanted
polarization is greater than 30 dB in this band.
The patterns that realize the desired sheet admittances
are shown in Fig. S11. It can be seen that the sheet
admittance of the first layer (Ys1) is capacitive along
xˆ and inductive along yˆ. The second sheet is inductive
along the (xˆ− yˆ)/√2 direction and capacitive along the
(xˆ+ yˆ)/
√
2 direction. The third sheet is identical to the
first, except rotated by 90◦.
The constituent surface parameters of the metasurface
providing asymmetric linear transmission can be deter-
mined from simulation by inserting the S-parameters of
the structure into (s11), as shown in Fig. S12. It can be
seen that over the entire frequency range, the magnetic
susceptibility is near zero, the crystal axes of the electric
susceptibility are located in the (xˆ+yˆ)/
√
2 and (xˆ−yˆ)/√2
directions, and the chirality term is χ =
(
0 −2
−2 0
)
,
which are consistent with (s32). Note that Yxx = Yyy
for all plotted frequencies.
SYMMETRIC CIRCULAR POLARIZER
As a final demonstration of the versatility of the design
process, a symmetric circular polarizer is demonstrated
at optical frequencies. Analogous to conventional lin-
ear polarizers, these structures transmit one handedness
of circular polarization but reflect the other, indepen-
dent of the propagation direction. At optical frequencies,
circular polarizers are attractive for color displays, mi-
croscopy, and photography [25]. These devices are most
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FIG. S10. Metasurface exhibiting asymmetric linear trans-
mission. (a) Schematic of the unit cell. (b) Simulated
co-polarized reflection coefficient (Sxx11 ) and cross-polarized
transmission coefficient (Syx21 ) for an incident plane wave trav-
eling in the +z direction. Syy11 is greater than -0.01 dB, and
all other S-parameters are less than -30 dB over the entire
frequency range, and are not shown.
commonly realized by combining quarter wave plates and
linear polarizers [21]. However, this leads to bulky struc-
tures that do not lend themselves to system integration.
Alternatively, helical structures have demonstrated a re-
duced thickness and much broader bandwidth [25, 26].
However, they require an involved fabrication process.
This motivated cascading patterned metallic sheets with
rotated principle axes [27].
Most reflectarray antennas at microwave frequencies
are linearly polarized. These antennas could also be made
to operate with circularly polarized radiation by incor-
porating symmetric circular polarizers, which would be
beneficial for applications such as satellite communica-
tion, remote sensing, and radar [21, 28]. Conventional
circular polarizers at microwave frequencies are realized
with a helical geometry [21, 29–31]. However, these de-
signs suffer from a complex fabrication process that is
prohibitive at higher frequencies. This motivated two
and three layer structures that can be fabricated using
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of the asymmetric linear polarizer, respectively.
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Im(χ)) are low and are not plotted. All other terms that are
not plotted can be inferred by noting that the structure is
reciprocal.
standard printed-circuit-board processes [28, 32]. How-
ever these designs suffered from a narrow bandwidth, rel-
atively low extinction ratio, and high insertion loss.
First, a symmetric circular polarizer is considered at
optical frequencies. It transmits right-handed-circularly
polarized light but reflects the left-handed-circular po-
larization, regardless of the propagation direction. The
transmission coefficient is given by,
S21 =
ejφ
2
(
1 j
−j 1
)
(s33)
The constituent surface parameters are given by,
Λ =

−2j tan(φ/2)
η◦ 0 0 0
0 2j cot(φ)
η◦ 0 −2 csc(φ)
0 0 −2jη◦ tan(φ/2) 0
0 −2 csc(φ) 0 2jη◦ cot(φ)

(s34)
This metasurface exhibits anisotropic electric and mag-
netic susceptibilities, as well as anisotropic chirality. Eq.
(s34) assumes that both Regions 1 and 2 are composed
of free space and that the reflection coefficients are given
by,
S11 =
ejφ
2
(
1 −j
−j −1
)
, S22 =
ejφ
2
(
1 j
j −1
)
(s35)
Left-handed-circularly polarized light is completely re-
flected from both the front and the back of the metasur-
face, whereas right-handed-circularly polarized light has
zero reflection.
Since optical metasurfaces are typically fabricated on
a bulk substrate, it is assumed that Region 2 is SiO2
(n = 1.444). The dielectric spacer between the sheets
is assumed to be SU-8 (n = 1.572), and the permit-
tivity of the Au is described by a Drude model, Au =
∞ − ω2p/(ω2 + jωωc), with ∞ = 9.0, ωp = 1.363x1016
rad/s (8.97 eV), and collision frequency ωc = 3.60x10
14
rad/s (0.24 eV). This assumes a collision frequency that
is three times greater than that of bulk Au [33], in order
to account for thin film scattering and grain boundary ef-
fects [34]. This large loss does present some limitations on
achieving extreme values of the sheet admittance. Nev-
ertheless, a high performance is still achievable. This
structure can be fabricated by sequential patterning of
each metallic layer using standard lithography and lift-
off processes [27, 35].
Again looking to (s22) and (s19), and setting φ =
170◦, βd = 2pi/4.77, ηd = η◦/1.572, η1 = η◦, and
η2 = η◦/1.444, the necessary sheet admittances to
realize a symmetric circular polarizer are given by,
Ys1 =
j
η◦
(
0.34 −1.11
−1.11 0.34
)
, Ys2 =
j
η◦
(
1.10 0
0 −9.00
)
,
and Ys3 =
j
η◦
(
0.57 1.57
1.57 0.57
)
. When solving for the cas-
caded sheet admittances, their maximum magnitude was
required to be less than 9.0/η◦ along any given princi-
ple axis. This is because the operating wavelength im-
poses limitations in achieving extremely small feature
sizes and the plasmonic nature of Au presents an added
inductance. The designed unit cell is shown in Fig.
S13(a). Its simulated transmission coefficient is shown in
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Fig. S13(b). The superscript ‘+’ denotes right-handed-
circular polarization and ‘-’ denotes left-handed-circular
polarization. It can be seen that at the design frequency
of 1.5 µm, the metasurface achieves low loss for right-
handed-circularly polarized light, and it provides greater
than 15 dB rejection for left-handed-circularly polarized
light. For completeness, the transmittance is also plotted
on a linear scale in Fig. S13(c), so that its performance
can be easily compared to earlier reported structures
[26, 27]. This metasurface is impedance matched at the
design frequency, as shown by the reflection coefficients
in Fig. S13(d). The power absorbed by the metasurface
can be calculated by subtracting the incident power from
the transmitted and reflected power 1 − |S11|2 − |S21|2,
which is ∼40%.
The patterns that realize the desired sheet admittances
are shown in Fig. S14. All corners are rounded with a
radius of curvature of 40 nm. As in the previous metasur-
faces, each sheet admittance is individually designed such
that its imaginary part is identical to the desired sheet
admittances. However, the analytic model assumes the
sheets are lossless, which is somewhat of an approxima-
tion. Therefore, the performance can be improved fur-
ther by using the optimizer provided by Ansys HFSS. The
dimensions are varied to minimize the real part of the ad-
mittance while also approaching an ideal imaginary part.
The optimization process is relatively quick since the ini-
tial structure represents a good starting point. The di-
mensions shown in Fig. S14 correspond to the optimized
structure. Each sheet is capacitive along one principle
axis and inductive along the other.
The constituent surface parameters of the symmetric
circular polarizer can be determined from simulation by
inserting the S-parameters of the structure into (s11).
They are shown in Figs. S15 (a) and (b). The terms
representing loss (Re(Y), Re(Z), Re(χ)) cannot be ne-
glected. It can be seen that at the operating wavelength
of 1.5 µm, Re(χyy) is much larger than the other chiral
terms. In addition Im(Yxx) ∼ Im(Zxx) and Im(Yyy) ∼
Im(Zyy), which are all necessary conditions for symmet-
ric circular polarization as given by (s34). Although (s34)
does assume that η1 = η2, which is not the case here, it is
still valuable at providing some physical insight since the
wave impedance of SiO2 is similar to that of free space.
The performance of this structure exceeds that of pre-
vious metasurfaces in a few respects. At the operating
frequency, the structure presented here achieves a po-
larization rejection of 15 dB. This is comparable to the
rejection levels of the Au helix metamaterial [26], which
achieved a larger bandwidth at the expense of increased
fabrication complexity and overall thickness. This polar-
ization rejection is also an order of magnitude higher than
the previous three layer structure that cascaded identical
electric dipoles with a rotation between the sheets [27].
As with many optical designs, the analysis of this struc-
ture is relatively approximate, which does provide a re-
duced performance as compared to the other metasur-
faces presented at lower frequencies. To demonstrate that
this reduced performance is only a result of high loss at
near-infrared frequencies and not a result of the stipu-
lated polarization transformation, a design is also devel-
oped at 77 GHz, as shown in Fig. S16. Using the same
design procedure as before, it can be shown that the nec-
essary sheets of this structure are identical to those of the
metasurface providing asymmetric circular transmission,
except the first sheet is rotated by 90◦. The transmission
coefficient for the desired polarization is near unity, while
the rejection of the undesired polarization is greater than
30 dB at the design frequency (see Fig. S16(b). In addi-
tion, the constituent surface parameters are very close to
the ideal values that achieve a symmetric polarizer at the
design frequency of 77 GHz. This can be verified by look-
ing to (s34) and letting φ = −103◦, and then comparing
the result with Fig. S16(c).
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FIG. S13. Symmetric circular polarizer at near-infrared wavelengths. The surface is designed to operate at a wavelength of 1.5
µm. (a) Schematic of the unit cell. (b) Transmission coefficient, where the superscript ‘+’ denotes right-handed-circular and
‘-’ denotes left-handed-circular. (c) Transmittance (|S21|2) on a linear scale. (d) Reflection coefficient.
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FIG. S14. (a)-(c) Dimensions of the first, second, and third sheets of the symmetric circular polarizer, respectively.
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FIG. S15. (a) Constituent surface parameters of the symmetric circular polarizer. (b) The terms leading to loss (Re(Y),
Re(Z), Im(χ)). All other terms that are not plotted can be inferred by noting that the structure is reciprocal.
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FIG. S16. Symmetric circular polarizer at mm-wave frequencies. (a) Perspective view of the symmetric circular polarizer.
(b) Transmission coefficient, where the superscript ‘+’ denotes right-handed-circular and ‘-’ denotes left-handed-circular. (c)
Constituent surface parameters.
